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Total Pressure Loss in Vortical Solutions
of the Conical Euler Equations

Kenneth G. Powell,* Earll M. Murman,f Eric S. Perez,$ and Judson R. Baronf
Massachusetts Institute of Technology, Cambridge, Massachusetts

A technique for the solution of the conically self-similar form of the Euler equations is described. Solutions for
the flow past a flat-plate delta wing at angle of attack (M^ = 1.5, A = 70 deg,a =10 deg) are presented. These
solutions show strong leading-edge vortices with large total pressure losses in the cores. A study of the effects of
various computational parameters on the total pressure loss is made. An explanation for the cause of the total
pressure loss is presented. It is shown to be consistent with the results for both a quasi-one-dimensional model
problem and the conically self-similar flow past the flat-plate delta wing.

Introduction

T HE flow past a delta wing at angle of attack can exhibit a
variety of structures, depending on the geometry of the

wing, angle of attack, and freestream Mach number.1 The
structure of the flow past a highly swept wing, even at low
Mach numbers and angles of attack, is characterized by strong
primary vortices on the leeward side. These vortices dramati-
cally affect the aerodynamics of the wing and, thus, their
prediction is of great importance to designers. Shock waves
may be generated by the vortical flow. Secondary vortices may
be generated by either boundary-layer separation under the
primary vortex or embedded cross-flow shocks.

Flows with leading-edge vortices may be modeled by the
potential equation (with fitted vortex sheets),2 Euler equa-
tions,3"5 or Navier-Stokes equations.6'8 Each of these models
has advantages and disadvantages.9 The potential equation
requires the least computational resources to solve, but is
limited at present to incompressible potential flow with fitted
vortex sheets. The Euler equations require greater computa-
tional resources and, although they model distributed vorticity
and shocks, they do not model the viscous effects. The
Navier-Stokes equations model the viscous effects and permit
solutions with distributed vorticity and shocks, but are the
most expensive computationally. In this paper, the Euler
equation model is adopted.

The first disadvantage of the Euler equations as a
model—that they require large amounts of computer storage
and time to solve—is becoming less crucial as computer
capacity increases and the algorithms for solving such equa-
tions evolve. However, three-dimensional solutions with good
resolution still require vast amounts of storage and time.10'11

In the case of the flow past a delta wing, significant savings
may be made by restricting the class of problems to be solved
to conically self-similar wings in steady supersonic
freestreams.12 With this restriction, only two independent spa-
tial variables are necessary to solve the three-dimensional
inviscid equations.

The second disadvantage of the Euler equations as a model
—that they do not model viscous effects—is less crucial for
some problems than for others. For a sharp-edge geometry,
the separation point is fixed at the leading edge, independent
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of the Reynolds number. The dissipation introduced by the
spatial discretization of the Euler equations should mimic the
physical viscosity and cause separation. Just as the separation
point is insensitive to the real viscosity, it should also be
insensitive to the artificial viscosity. Computational experience
shows this to be the case. Therefore, the Euler equation model
contains a means for inducing separation and creating a
primary vortex. Although secondary vortices brought about
by viscous effects on the leeward side of the wing will not be
modeled, their effects on the primary vortices are small, as has
been shown by comparison of Euler and Navier-Stokes solu-
tions.6

The Euler equation solutions presented by the authors were
obtained by a finite-volume multistage scheme. The scheme
will be outlined here, but is more fully documented in Refs. 13
and 14. All of the solutions exhibit large total pressure losses
at the cores of the leading-edge vortices, four orders of magni-
tude greater than the total pressure loss across the bow shock.
Total pressure losses of similar size and distribution are
evident in solutions generated by other researchers as well, in
both Euler solutions10 and Navier-Stokes solutions.6'7

This paper addresses the question of the source of these
total pressure losses. A study of the effects of various compu-
tational parameters on the magnitude of the total pressure loss
is made. The evolution of the total pressure loss is studied by
plotting the distribution of total pressure loss at different
points in the iteration history. A model for the total pressure
loss is presented and confirmed by the results of a quasi-one-
dimensional model problem and those of the leading-edge
vortex solutions.

Governing Equations
The three-dimensional unsteady Euler equations in con-

servation form are
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The equation of state

and the supplementary relation

The fourth-order damping is unweighted and of the form

(2)

(3)

close the set of equations. Introducing the conical variables,

and assuming conical self-similarity, the Euler equations be-
come
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In the above, the unsteady terms have been retained for the
iterative procedure used to reach the steady, conically self-sim-
ilar solution. Another form of the equations, outlined more
fully by Murman et al.,12 has also been used. It includes
metric terms inside the flux vectors. The two forms are
mathematically equivalent and a comparison of numerical
solutions shows that either may be used.

Solution Procedure
The basic solution scheme is a finite-volume spatial discreti-

zation with a multistage integration in time, as proposed by
Jameson et al.15 A set of partial differential equations of the
form

(6)

is discretized as

1=1 [ F'»t,

This scheme requires added second- and fourth-order damp-
ing to capture shocks and yield smooth solutions. The damp-
ing formulation adopted follows Rizzi and Eriksson.16 The
second-order damping is pressure weighted and of the form

-'2 «/ J\m3x\82p\

where 8f and 8j are undivided central difference operators
defined by

(9)

(10)

It is not turned off in the vicinity of shocks.
The body boundary condition is a pressure extrapolation of

the form

'Pi =Pi=i (11)-/body J •*• ^ '

This is consistent, since the radius of curvature is infinite on
each side of the plate and the j — const grid lines are normal
to the plate.

The far-field boundary condition is enforced by a character-
istic-based scheme. The bow shock is interior to the computa-
tional domain and is captured. This is preferable to fitting the
bow shock, since the bow shocks for the cases in this paper
are very weak. The bow-shock capturing method is less expen-
sive computationally and provides a better spectral radius
than the bow-shock fitting procedure. It should be noted that
the bow shocks in the cases in this paper are weak enough that
the total pressure losses across them are at least four orders of
magnitude smaller than those in the vortex cores.

The grid is generated by a conformal mapping. The (17, £)
plane is transformed to a complex f plane in which the flat
plate becomes a circle. This is achieved by a Joukowski
transformation of the form

tan2[(7r/2)-A]
2? (12)

Grid points are generated along rays in the f plane by the
formulas

-logl- i-l

body,-,- + [ f sshock; body,, j ri

(13)

(14)

in which ft is a stretching parameter. This radial distribution,
proposed by Marconi,17 is linear near the body in the limit of
small 0.

Computational Results
Figures 1-6 present the solution of the delta wing problem,

with the baseline values for all parameters listed in Table 1.
Figure 1 is the grid for this case. The Joukowski transforma-

tion used to generate the grid ensures that the grid lines are
normal to the body and that the tip region is well resolved.
Figures 2 and 3 show the pressure coefficient on the body and
in the field. The low-pressure region under the vortex and the
expansion around the leading edge are the dominant features,
although it is also interesting to note the small constant-pres-
sure region on the leeward side near the leading edge. The
cross-flow Mach number distribution in the field is presented
in Fig. 4. There are four cross-flow stagnation points on the
body: one each at the windward point of symmetry, at the
leeward point of symmetry, on the windward side near the
leading edge, and on the leeward side not far from the point
of symmetry. There is also a cross-flow stagnation point in the
core of the. vortex. At these points the flow is purely radial.
The radial Mach number in the field is shown in Fig. 5. Figure
6 illustrates the total pressure loss in the field, normalized by
the freestream total pressure outside the bow shock
(1 — Pt/Pt ). The loss across the bow shock is very small
(0.003% on the windward side) compared to the losses in the
vortex. The vortex is clearly defined, with a sheet (four or five
grid cells thick) emanating from the leading edge and rolling
into a diffuse vortex core.
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Table 1 Baseline values of parameters

Freestream Mach number M^ = 1.5
Leading-edge sweep A = 70 deg
Angle of attack a = 10 deg
Coefficient of second-difference damping v2 = 0.05
Coefficient of fourth-difference damping v4 = 0.01
Grid stretching parameters /? = 2.5
Number of cells /max =ymax = 64

0.150 0.300 0.450 0.600 0.750 0.900

Fig. 1 Grid.

'o.OOO 0.150 0.300 0.450 0.600 0.750 0.900 1.05 1.20

Fig. 2 Pressure coefficient contours (increment = 0.04).

Figure 7 shows the evolution of the vortex during the
computation. The total pressure loss and the body pressure
coefficient are shown at various points in the convergence. The
total pressure loss, generated at the tip, is swept toward the
leeward symmetry point and rolls up into a smaller version of
the final vortex. The losses in the core are higher during the
transients than they are in steady state. The pressure coeffi-
cient shows the low-pressure region forming almost im-
mediately and then spreading out along the leeward side of
the wing.

Figure 8 illustrates the effects (or lack thereof) of changing
the artificial viscosity levels by an order of magnitude. There
are no appreciable changes in the core total pressure loss. The
only change in evidence is in the total pressure loss on the
body. Lowering the coefficient of the second-order damping
leads to larger negative losses on the body, which seem to be

0.000 0.150 0.300 0.450 0.600 0.750

Fig. 3 Pressure coefficient on the wing.

Fig. 4 Cross-flow Mach number contours (increment = 0.10).

associated with a negative spike at the leading edge. Although
the magnitude of the total pressure loss is not appreciably
affected by the level of artificial viscosity, the larger viscosity
coefficients generate more diffuse vortices.

The effects of changing the grid distribution are presented
in Fig. 9. The stretching parameter ft is varied and the grids
and total pressure loss distributions that result are shown.
Figure 10 shows the results of changing the grid refinement.
Total pressure losses are shown for 32 X 32 and 128 X 128
grids. The vortex is better defined on the higher-resolution
meshes, but the magnitude of the losses and the location of
the maximum loss are almost the same on all of the grids.

Other published investigations indicate total pressure losses
of the order of magnitude reported here and show the same
general insensitivity to computational parameters. Solutions
by Rizzi10 of the full three-dimensional Euler equations, with
the energy equation replaced by a constant total enthalpy
condition, yield a total pressure loss of 60% for this same case.
Rizetta and Shang6 have directly compared Euler with
Navier-Stokes solutions on H-type grids for a different wing
geometry at MM = 1.95. The total pressure loss was 70% and
its magnitude was not influenced by the inclusion of the
viscous terms.

The results of these numerical experiments may be sum-
marized by the statement that the magnitude of the total
pressure loss in the vortex cores is relatively insensitive to
every computational parameter, grid topology, and governing
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Fig. 5 Radial Mach number contours (increment = 0.10).

52% LOSS IN CORE

Fig. 6 Total pressure loss contours (increment = 0.04).

equation and boundary condition formulation studied to date.
The distribution of the total pressure loss is influenced by the
computational parameters, with increased dissipation due to
the lack of grid refinement, viscous terms, or added artificial
viscosity yielding more diffuse vorticies. The total pressure
loss does depend on «, A, and M^, although these calcula-
tions are not reported here. An explanation of these findings is
presented in the next two sections.

Weak Solutions to the Euler Equations
To understand the way in which the discretized form of the

Euler equations models a vortex sheet, it is first necessary to
understand the way in which the partial differential equations
themselves model a vortex sheet. The vortex sheet is a weak
solution to the Euler equations.18 If the Euler equations are
written in the form

(15)

then a weak solution U is defined by

- -dy

(16)

for any vector test function T that is infinitely differentiable
and vanishes at infinity. Carrying out the integration gives

Us[U]+nx[F]+ny[G]+nz(H]=0 (17)

in which n is a vector perpendicular to the surface of discon-
tinuity, Us is the velocity at which the surface is moving, and
the square brackets denote the jump in a quantity across the
surface. It should be noted that these relations are invariant to
the conical self-similarity approximation, which simply states
that the radial component of n is zero. The equations may be
rewritten in the form

Continuity: pL[n -UL — Us] — pR[n - UR — Us] — M

Momentum: M[uR - UL] = n[pL —pR]

Energy: M[/z0 j?-/z0J =0 (18)

in which the subscripts L and R denote the left and right
sides of the sheet, respectively. The momentum equations may
be rewritten in a more convenient form by resolving them into
normal and tangential coordinates. They become

M[n'UR-n-uL]=pL-pR

M[nXuR-nXuL] = 0 (19)

It is now clear that there are two possible types of discontinu-
ous solutions:

1) nXu is continuous across the sheet. The relations are

utR~utL = ® (20)

plus the equation of state and the definition of total enthalpy.
This yields seven equations in seven unknowns describing a
discontinuity in normal velocity.

2) M = 0. The relations are

PR =PL (21)

plus the equation of state and definition of total enthalpy.
This yields four equations in seven unknowns, describing a
contact discontinuity.

In the following, only the tangential velocity discontinuity
will be considered. It will be assumed that the boundary
conditions enforce that the jumps in density and total en-
thalpy across the sheet are zero.

Model for the Total Pressure Loss
The primary characteristic of the contact discontinuity weak

solution is that the energy equation and the tangential
momentum equations are degenerate, due to the zero mass-flux
condition. For the discretized Euler equations to support a
solution with the proper jump conditions, they must show the
same level of degeneracy as the partial differential equations.
To see this, the discretized Euler equations are cast in a form
analogous to equation set 18. In the following, a Cartesian
grid will be considered for the sake of simplicity. Carrying out
the flux balance for the finite volume scheme, the discretized
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a) Pressure coefficient at 50 iterations. e) Pressure coefficient at 150 iterations.

.000 0.150 0.300 0.450 0.600 0.750 0.900 1.05 1.20

f) Total pressure loss at 150 iterations (increment = 0.04).
0.150 0.300 0.450 0.600 0.750 0.900 1.05 1.20

b) Total pressure loss at 50 iterations (increment = 0.04).
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g) Pressure coefficient at 300 iterations.

c) Pressure coefficient at 100 iterations.

0.150 0.300 0.450 0.600 0.750 0.900 1.05 1.20

h) Total pressure loss at 300 iterations (increment = 0.04).
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d) Total pressure loss at 100 iterations (increment = 0.04). Fig. 7 Vortex evolution.
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52% LOSS IN CORE
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a) v2 = 0.01, v4 = 0.01 (increment = 0.04).

52% LOSS IN CORE
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b) v2 = 0.10, v4 = 0.01 (increment = 0.04).

52% LOSS IN CORE
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c) v2 = 0.05, v4 = 0.02 (increment = 0.04).

52% LOSS IN CORE
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d) v2 = 0.05, v4 = 0.002 (increment = 0.04).

Fig. 8 Total pressure loss contours.
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a) Grid, 3 = 1.5.

52% LOSS IN CORE
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b) Total pressure loss contours, p = 1.5 (increment = 0.04).

0.900 1.05 1.20

c) Grid, p = 3.5.

52% LOSS IN CORE

D 0.150 0.300 0.450 0.600 0.750 0.900 1.05 1.20
XI

d) Total pressure loss contours, p = 3.5 (increment = 0.04).

Fig. 9 Effect of change in grid distribution.
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Euler equations become

A dt
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in which the subscripts denote cell faces with positive or
negative normals, M denotes the mass flux through a face and
P denotes the pressure force on a face. This form of the
discrete equations is analogous to equation set 18. The tem-
poral terms of this discretized equation set replace the Us term
in the definition of M.

For the purpose of illustration, a simple case is considered
here. The energy equation is replaced by a constant total
enthalpy condition§ and the flow is assumed to be quasi-one-
dimensional, i.e., all y and z derivatives are assumed to be
zero, and the z-direction momentum equation is dropped.
Equation 22 becomes

pv

1
= 0 (23)

In the simple case in which u = 0 throughout the field, these
equations and the constant total enthalpy relation become

Continuity: dp
dt

x momentum: A-^(pu) + (Px+ - Px_) = 0

y momentum: --

52% LOSS IN CORE
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a) (increment = 0.04).

52% LOSS IN CORE

) 'max =ymax = 128 (increment = 0.04).

Fig. 10 Total pressure loss contours.

changes in u2 and p/p such that

(25)

This will yield a corresponding loss in total pressure.
The remaining figures present results for a quasi-one-dimen-

sional model problem, with the energy equation included. The
initial conditions for the problem are

Energy: (24)

If a jump in v occurs between two points such that v2 is
constant everywhere, there is no mechanism to change the
pressure and, therefore, no mechanism to change any of the
variables. This implies that the discrete equations permit a
steady, quasi-one-dimensional, constant-presure vortex sheet
if it is a two-point sheet. If the jump in v is spread over more
than two points, there will be a deficit in v2 inside the sheet.
The constant total enthalpy condition implies that any deficit
in y2, —Ay 2 , must be balanced by a change in p/p. Thus, a
sheet spread across more than two points will have noncon-
stant properties within the structure of the sheet.

In the case of u !=• 0, the equation set is no longer degener-
ate, since Mx+ and Mx_ are nonzero. The y momentum
equation will have a nonzero contribution from the flux bal-
ance. The integration in time will, therefore, cause the jump in
v to spread across more than two points, leading to a deficit in
v2 inside the sheet. This deficit in y2 will be balanced by

*<W/2

^>W/2

(26)

The quantities plotted are

-1

-1

-i -^- -:
.Poo

(27)

§For the results in this paper, H0 is constant to less than 0.1%.

Figures lla and lib show the results for U^ = 0 after several
iterations. In the case of zero damping, the two-point sheet
remains steady. Any added damping causes the sheet to
spread. The pressure remains constant within the sheet. There
is a decrease in the density to balance the deficit in v2. Figures
lie and lid are the results for U^ ¥* 0 after several iterations,
when the sheet is spread over four points. The density remains
constant within the sheet. The pressure rise is seen to very
with Ay2, as expected. The total enthalpy varies through the
sheet, due to the nonzero unsteady energy term.
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_____^^^^^^^ It is important to note that the base level of the pressure
coa)OCCOOOCC0^OWCOOOCCC0^ rise and the total pressure loss are set not by the way that the
xoMMKffl^sMow^^ sheet is discretized, but the fact that the sheet is discretized at

i n i i n i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i n m i i i i all. They are a function of the strength of the sheet, rather
than the thickness of the sheet. Computational parameters,
such as the grid spacing and the added artificial viscosity, do
affect the loss, but only to higher order. The base level of the

,̂ ^^^^^^ total pressure loss is set by the ratio of the square of the
tangential velocity to the square of the total velocity, via the
constant total enthalpy condition. This holds for the two-

emaoaa^^ dimensional and three-dimensional cases as well.
________________ The results for the delta wing are seen to be consistent with

this model. The vortex is modeled as a viscous-like core,
rather than a spiralling vortex sheet. The cross-flow Mach

.Im,mm^ number (Fig. 4) goes to zero at the core of the vortex. The
total pressure loss of 52% in the core is consistent with the
relation of cross-flow Mach number to radial Mach number
(Fig. 5) outside the vortex. Computational parameters have

oooxooocooooiwc^^ very little effect on the level of this loss.

a) 1/^=0, 1̂  = 1̂  = 0.00.

Conclusions
There is a fundamental difference'between the contact

discontinuity weak solution to the Euler equations and the
analogous solution to the discretized Euler equations. The
jump conditions for the Euler equations are degenerate, due to
the zero mass flux across the sheet. The discretized equations
are not degenerate in this way and, therefore, do not enforce
constant properties through the sheet. Instead, there is a
change in the pressure, density and normal velocity inside the
sheet, to balance the deficit in tangential velocity such that
constant total enthalpy is maintained. This results in a loss in
total pressure. The level of this total pressure loss is set by the
ratio of the square of the tangential velocity (the cross-flow

b) U = 0, V = 1, v = 0.05. velocity in the delta-wing examples presented here) and the
00 ' °° square of the total velocity. Varying the grid resolution or

artificial viscosity by an order of magnitude changes the
magnitude of the total pressure loss by less than 2%.

It is clear, then, that vortex sheet capturing, regardless of
the mesh refinement, will give a solution with a total pressure
loss inside the vortex. This total pressure loss is brought about
by the fact that the discretization of the vortex sheet gives it a
finite thickness. Despite the fact that the captured " sheet" has
a finite thickness and structure, the conditions on either side
of the " sheet" will agree with the weak solution of the Euler
equations for suitably refined grids. The actual physical prob-
lem will have a total pressure loss at least as large as that
predicted by the discretized Euler equations. There will be an
added momentum deficit due to the boundary layer from the
wing, in addition to the deficit in the tangential velocity.
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RAREFIED GAS DYNAMICS—v. 74 (Parts I and II)
Edited by Sam S. Fisher, University of Virginia

The field of rarefied gas dynamics encompasses a diverse variety of research that is unified through the fact that all
such research relates to molecular-kinetic processes which occur in gases. Activities within this field include studies of (a)
molecule-surface interactions, (b) molecule-molecule interactions (including relaxation processes, phase-change kinetics,
etc.), (c) kinetic-theory modeling, (d) Monte-Carlo simulations of molecular flows, (e) the molecular kinetics of species,
isotope, and particle separating gas flows, (0 energy-relaxation, phase-change, and ionization processes in gases, (g)
molecular beam techniques, and (h) low-density aerodynamics, to name the major ones.

This field, having always been strongly international in its makeup, had its beginnings in the early development of the
kinetic theory of gases, the production of high vacuums, the generation of molecular beams, and studies of gas-surface
interactions. A principal factor eventually solidifying the field was the need, beginning approximately twenty years ago, to
develop a basis for predicting the aerodynamics of space vehicles passing through the upper reaches of planetary at-
mospheres. That factor has continued to be important, although to a decreasing extent; its importance may well increase
again, now that the USA Space Shuttle vehicle is approaching operating status.

A second significant force behind work in this field is the strong commitment on the part of several nations to develop
better means for enriching uranium for use as a fuel in power reactors. A third factof, and one which surely will be of long
term importance, is that fundamental developments within this field have resulted in several significant spinoffs. A major
example in this respect is the development of the nozzle-type molecular beam, where such beams represent a powerful
means for probing the fundamentals of physical and chemical interactions between molecules.

Within these volumes is offered an important sampling of rarefied gas dynamics research currently under way.The
papers included have been selected on the basis of peer and editor review, and considerable effort has been expended to
assure clarity and correctness.
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